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The quadrature method of moments (QMOM) has been recently introduced for solving
population balance models. In this article, an alternative approach of QMOM is pro-
posed for solving batch crystallization models describing crystals nucleation, size-de-
pendent growth, aggregation, breakage, and dissolution of small nuclei below certain
critical size. In this technique, orthogonal polynomials, obtained from the lower order
moments, are used to find the quadrature abscissas (points) and weights. Several test
problems with different combinations of processes are considered in this manuscript. The
numerical results are compared with analytical solutions and with the finite-volume
scheme results. Excellent agreements were observed on the moment calculations in all
test cases. VVC 2010 American Institute of Chemical Engineers AIChE J, 57: 149–159, 2011
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Introduction

Crystallization from a solution is an important industrial
operation due to marketing a large number of materials as
crystalline particles. It is therefore one of the most widely
used separating and purifying technique in chemical, phar-
maceutical, semiconductor, and food industries. To improve
the quality of a product, it is necessary to understand the
kinetics of the crystallization process and the impact of pro-
cess variables on the process. The desired goals can be
achieved by modeling the underlying processes and by
developing advanced control algorithms that can be used to
optimize the resulting crystal size distributions (CSDs).

Population balance models (PBMs) have been widely used
for modeling crystallization processes since the mid-

1960s.1,2 Currently, PBMs are used to model a wide range
of particulate processes including comminution, crystalliza-
tion, granulation, flocculation, combustion, and polymeriza-
tion. Generally, the models used refer to dispersed systems
that include both external (spatial) and internal (property)
coordinates. The major phenomena influencing these proc-

esses include growth, nucleation, aggregation, breakage, dis-

solution, and inlet and outlet streams. Several numerical

methods have been developed for solving population balance

equations (PBEs), such as the method of moments,1,3–6 the

method of characteristics,7,8 the method of weighted residual

or orthogonal collocation,9 the Monte Carlo simulation,10,11

the finite difference schemes/discrete population balances,12

the spectral methods,13–15 and the high-resolution finite vol-

ume methods.8,16,17

It has been observed, that many physical and optical prop-
erties of aerosol and clouds can be estimated directly from
the knowledge of lower order moments of the radial size
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distribution instead of the distribution itself.6,18 Complicated
phenomena, such as nucleation, growth, and transport, con-
tributes to the shape of aerosol size distribution. These phe-
nomena are difficult to incorporate in the models describing
aerosol in multidimensional environments, for instance mod-
els of atmospheric transport and turbulent jet flows. The
modeling of size distribution not only possesses numerical
difficulties but also contain more information than actually
required. Hence, the method of moments is a good alterna-
tive in such situations. Generally, it is suitable in the situa-
tions where PBM is combined with the Computational Fluid
Dynamics (CFD) codes.18,19 In such problems, the external
features like turbulent flow properties play an important role
and hence the distribution is a function of both internal and
external coordinates, leading to a large computational time.
In such cases, the moments of internal coordinates converts
the given PBE to transport equations that can be efficiently
incorporated in the given CFD code.

The main advantage of the quadrature method of moments
(QMOM) method is their low computational cost. However,
no information about the particle size distribution (PSD) is
available. Instead, only finite number of moments associated
with the real distribution are numerically determined which
may not be sufficient in special applications to judge the
quality of the product. Therefore, after having computed
moments, it is sometimes necessary to reconstruct the final
PSD in a best possible manner. Several techniques have
been reported in the literature for reconstructing PSD from
finite number of available moments.20 Moreover, discussions
about the merits and demerits of different QMOM are also
available in the literature.13,21

The solution of PBMs by using method of moments has
been introduced by Hulburt and Katz1 which is given in
terms of the moments of the PSD. Different methods have
been proposed for solving the closure problem raised by
Hulburt and Katz1 and are thoroughly discussed by Diemer
and Olson.22 The QMOM was first proposed by McGraw
et al.6 for modeling aerosol evolution. This promising
method is based on the solution of the integrals involving
the PSD through a quadrature approximation. In this method,
the product difference (PD) algorithm23 is used for finding
the quadrature abscissas and weights. The method was then
extended to aggregation and coagulation problems for bivari-
ate PSD.19,24,25 Moreover, Barrett and Webb26 have com-
pared the method with other available approaches, such as
Laguerre quadrature approximation and the finite element
method, for the solution of the aerosol general dynamic
equation. Afterwards, the QMOM method has been extended
for simultaneous aggregation and breakage problems.5 More-
over, Fan et al.27 have proposed the direct quadrature
method of moments (DQMOM) as an alternative to the PD
algorithm for finding the quadrature points and weights. This
method tracks directly the variables appearing in the quadra-
ture approximation, by solving the convection equation for
quadrature abscissas and weights. Later on, the DQMOM
was further improved by introducing an adaptive factor in
the moment equations.28 A comparison of different QMOM
methods and discussion about their limitations can be found
in the article by Grosch et al.21 Recently, Gimbun et al.29

have introduced a new QMOM method for solving the popu-
lation balance equation which simultaneously solves the dif-

ferential equations for the moments and the system of non-
linear equations resulting from the quadrature approximation
as a differential algebraic equation system. The authors have
claimed that this method provides an efficient way of calcu-
lating the quadrature abscissas and weights.

In most of the available QMOM methods, solutions are re-
stricted to small number of moments. Although, small num-
ber of moments can be sufficient to describe certain particu-
late process, a larger number of moments may be needed in
other applications, for example reconstruction of the particle
size-distribution from moments.20,30 In this article, an alter-
native QMOM method is proposed for solving batch crystal-
lization models describing crystals nucleation, size-depend-
ent growth, aggregation, breakage, and dissolution of small
nuclei below certain critical size. In this technique, orthogo-
nal polynomials, obtained from the lower order moments,
are used to find the quadrature points and weights. To ensure
a good accuracy of the scheme, a third order orthogonal
polynomial, utilizing the first six moments, is chosen to cal-
culate the quadrature points (abscissas) and corresponding
quadrature weights. Therefore, we need to solve at least six-
moment system, i.e., l0,…,l5. This choice of polynomial
gives a three-point Gaussian quadrature rule which generally
yields exact results for polynomials of degree five or less.
The expression for the desired orthogonal polynomial can be
derived analytically and the required number of moments
increases with the order of polynomial. Note that, the calcu-
lation of at least six moments are needed to construct our
third order polynomial at each time time. However, the
method itself is not restricted to the calculation of any speci-
fied number of moments. One can calculate further moments
by just adding ordinary differential equations (ODEs) of
higher order moments to the moment system. Several numer-
ical test problems are considered in this manuscript. The nu-
merical results of the QMOM are validated against the ana-
lytical solutions, results available in the literature, and the
results of the finite-volume scheme.8 Excellent agreements
were observed in the moments calculations for all test cases.

This article is organized as follows. In Section ‘‘General
population balance model for batch crystallization’’, we for-
mulate the one-dimensional batch crystallization model for
simultaneous processes. In Section ‘‘The quadrature method
of moments’’, QMOM is derived. In Section ‘‘Numerical test
Problems’’, numerical test problems are presented. Finally,
Section ‘‘Conclusions’’ gives conclusions and remarks.

General Population Balance Model for Batch
Crystallization

In this section, a mathematical model for an ideally mixed
batch crystallizer equipped with a fines dissolution unit is
introduced (see Figure 1). Crystallization process form a dis-
perse system where solid phase is dispersed in the continu-
ous medium of the liquid phase. In the framework of PBEs,
the state of an individual solid crystal is represented by an
internal coordinate representing crystal size. A population of
crystals is characterized by its CSD, which is described
mathematically by a number density function n(t,x) and is a
function of time t and the crystal size x. This function
describes the (average) number of crystals per crystal size.
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The rate of change in CSD is described by the population
balance equation1,2

@nðt; xÞ
@t

¼ � @½Gðt; xÞnðt; xÞ�
@x|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

growth

�
_V

Vc

hðxÞnðt; xÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
death due to dissolution

þB0dðx� x0Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
nucleation

þ x2

2

Zx
0

bððx3 � k3Þ1=3; kÞnðt; ðx3 � k3Þ1=3ÞÞnðt; kÞ
ðx3 � k3Þ2=3

dk

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth due to aggregation

� nðt; xÞ
Z1
0

bðx; kÞnðt; kÞdk
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

death due to aggregation

þ
Z1
x

aðkÞbðxjkÞnðt; kÞdk
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

birth due to breakage

� aðxÞnðt; xÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
death due to breakage

; ð1Þ

where, G represents the size-dependent growth rate, B0 is the
nucleation rate, d is the Dirac delta function, x0 represents the
size of the nuclei, b represents the aggregation kernel, a is the
breakage kernel, and b is the daughter particle size distribu-
tion. Moreover, Vc is the volume of the crystallizer, _V is the
volumetric flow rate from the crystallizer to the dissolution
unit, and the death function h(x) describes the dissolution yield
of small particles below some critical size.

In addition to the solid phase, the liquid phase has to be
modeled in terms of a corresponding mass balances. A bal-
ance law for the liquid phase yields an ordinary differential
equation for the solute mass and accounts for the exchange
of matter between the solid and the liquid phases

dmðtÞ
dt

¼ _minðtÞ � _moutðtÞ � 3qckv

Z1
0

x2Gðt; xÞnðt; xÞdx; (2)

with initial data m(0) ¼ m0. Here, qc is the density of crystals
and kv is a volume shape factor defined such that the volume
of a crystal with length x is kvx

3. The negative sign of the last
term on the right-hand side of Eq. 2 shows that solute mass in

the solution decreases during crystallization. Because of the
fines dissolution this equation has two mass fluxes. The first
one _moutðtÞ is the mass flux in the liquid phase which is being
taken out from the crystallizer to the dissolution unit (the
pipe). The second one _minðtÞ is the incoming mass flux in the
crystallizer from the dissolution unit. They are defined as

_moutðtÞ ¼ wðtÞqsoluðTÞ _V ; (3)

_minðtÞ ¼ _moutðtdÞ þ kvqc _V
Vc

Z1
0

x3hðxÞnðtd; xÞdx� kvqcx
3
0B0ðtdÞ;

(4)
where, td :¼ t � tp. Here, w(t) represents mass fraction which
is defined as

wðtÞ ¼ mðtÞ
mðtÞ þ msolvðTÞ

; (5)

where, msolv(T) is the mass of solvent and qsolu(T) is the
density of the solution, both are defending on the temperature
T. The temperature T can be constant (isothermal case) or can
be a decreasing function of time (nonisothermal case).
Moreover, tp � 0 represents residence time in the dissolution
unit (the pipe). It is defined as

tp ¼ Vp

_V
; (6)

where Vp represents volume of the pipe. The above model
reduces to the case of fines dissolution without time delay
when tp ¼ 0. Moreover, the model reduces to the case without
fines dissolution when the second last term on the right-hand
side of Eq. 1 and the first two terms on the right-hand side of
Eq. 2 are zero. Then, Eqs. 3 and 4 are not required.

With the moment transformation of the distribution func-
tion, the PBE in Eq. 1 can be further simplified. The kth
moment is defined as

lkðtÞ ¼
Z1
0

xknðt; xÞdx: (7)

The first four moments have the following physical mean-
ings; i.e., l0 is related to the total number of particles in the
system, l1 is the total length of particles in the system, l2 is
the total surface area of particles, and l3 is the total volume
of particles in the system. After applying the moments trans-
formation, our PBE (1) becomes1,29

dlkðtÞ
dt

¼
Z1
0

kxk�1Gðt; xÞnðt; xÞdx�
_V

Vc

Z1
0

xkhðxÞnðt; xÞdxþ xk0B0ðtÞ

þ 1

2

Z1
0

nðt; kÞ
Z1
0

bðu; kÞðu3 þ k3Þk=3nðt; uÞdudk

�
Z1
0

xknðt; xÞ
Z1
0

bðx; kÞnðt; kÞdkdx

þ
Z1
0

xk
Z1
x

bðxjkÞaðkÞnðt; kÞdkdx�
Z1
0

xkaðxÞnðt; xÞdx:

(8)

Figure 1. Single-batch process setup with fines disso-
lution.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Derivation of the right-hand side terms is trivial except
the second term. The second term can be obtained by intro-
ducing the variable u3 ¼ x3 � k3 and by substituting x2dx ¼
u2du.

The first integral in above equation can be solved for size-
independent growth, but not for the size-dependent growth,
with the standard method of moments techniques. However,
still it is not possible to solve integrals in the dissolution,
aggregation, and breakage terms due to closure problem, as
these integrals cannot be written in term of moments. Hence,
the QMOM is needed to overcome the closure problem.

The Quadrature Method of Moments

In numerical analysis, a quadrature rule is an approxima-
tion of the definite integral of a function as a weighted sum
of function values at specified points within the domain of
integration. Normally, an approximation to the definite inte-
gral is calculated by summing up the functional values at a
set of equally spaced points, each value multiplied by a cer-
tain weight. However, in Gaussian quadrature rule we have
freedom to choose not only the weights but also the points
(abscissas) at which the function is evaluated. The chosen
abscissas are not necessarily equally spaced. Let, we have an
integral of the form

R b
a wðxÞf ðxÞdx, where w(x) denotes a

nonnegative weight function and f(x) is a nonspecified func-
tion of x. Then, we can find a set of weights wi and abscissas
xi such that the approximation

Z b

a

wðxÞf ðxÞdx �
XN
i¼1

wif ðxiÞ (9)

is exact if f(x) is a sufficiently smooth function. The theory
behind Gaussian quadrature is based on orthogonal polyno-
mials. To calculate a special orthogonal polynomial of order n
one has to construct a set of polynomials that includes exactly
one polynomial of order i for each i¼ 1,2,…, where all of them
aremutually orthogonal over a specifiedweight functionw(x).31

This can be explained by defining the scalar product of two
functions r(x) and s(x) over a weight function w(x) as

\rjs >¼
Z b

a

wðxÞrðxÞsðxÞdx: (10)

Now, two functions are said to be orthogonal if their sca-
lar product is zero. If there is no classical weight function
w(x) given, as in our case, one needs additional information
to obtain the weights and abscissas. In our situation, we can
use the moments

lkðtÞ ¼
Z 1

0

xknðt; xÞdx �
XN
i¼1

xki wi; (11)

where, the n(t,x) is used as weight function w(x) and xk is the
kth order polynomial p(x). We need 2N moments, i.e., from l0
to l2N � 1, to calculate N pairs of weights and abscissas. It is
also important to mention that the approximation is exact if i �
2N � 1. For better accuracy of the scheme, we have decided to
set N ¼ 3. Therefore, we need to solve at least six-moment
system, i.e., l0,…,l5, given by Eq. 8. These six moments are
needed for defining our selected third order polynomial and

the required number of moments increases as the order of
polynomial increases. After applying the quadrature rule (11),
the integral terms in Eqs. 2 and 8 can be approximated as

dlkðtÞ
dt

¼ k
XN
i¼1

wix
k�1
i Gðt; xiÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

growth

�
_V

Vc

XN
i¼1

wix
k
i hðxiÞ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

death due to fines dissolution

þ xk0B0|ffl{zffl}
nucleation

þ 1

2

XN
i¼1

wi

XN
j¼1

wjbðxi; xjÞðx3i þx3j Þk=3|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth due to aggregation

�
XN
i¼1

wix
k
i

XN
j¼1

wjbðxi; xjÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death due to aggregation

þ
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wiaðxiÞbðkÞi|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
birth due to breakage

�
XN
i¼1

wiaðxiÞxki|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
death due to breakage

; k ¼ 0; 1; 2; � � � ; ð12Þ

dmðtÞ
dt

¼ _minðtÞ � _moutðtÞ � 3qckv
XN
i¼1

wix
2
i Gðt; xiÞ; (13)

where b
ðkÞ
i ¼ R1

0
xkbðxjkÞdx. To obtain the quadrature points

and weights in Eqs. 12 and 13, we use orthogonal polynomials.
The procedure of deriving orthogonal polynomials is given
below. Let us define the recursion relation

p�1 ¼ 0; p0 ¼ 1; pj ¼ ðx� ajÞpj�1 � bjpj�2; (14)

with

aj ¼\xpj�1jpj�1>

\pj�1jpj�1>
; j ¼ 1; 2; � � � ; (15)

bj ¼\pj�1jpj�1>

\pj�2jpj�2>
; j ¼ 2; 3; � � � : (16)

As n(t,x) is used as a weight function, w(x), therefore we
get from Eq. 10

\pjjpj >¼
Z b

a

nðt; xÞp2j dx: (17)

With these definitions, we can calculate the polynomials
one after another until we reach to our required nth-order poly-
nomial. The roots of that polynomial will give us the required
quadrature points xi, for i ¼ 1,2,…,N. The procedure is
explained below. The first order polynomial is given as

p1ðxÞ ¼ ðx� a1Þp0 ¼ ðx� a1Þ: (18)

Here, we need a1 to get expression for p1. This is given as

a1 ¼\xp0jp0 >
\p0jp0 > ¼

R1
0

xnðt; xÞp20dxR1
0

nðt; xÞp20dx
¼ l1ðtÞ

l0ðtÞ
: (19)

Thus, we have

p1ðxÞ ¼ x� l1
l0

: (20)
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Next, p2 is given as

p2 ¼ ðx� a2Þp1 � b2p0; (21)

where according to Eqs. 15 and 20

a2 ¼\xp1jp1>
\p1jp1> ¼

R1
0

xnðt; xÞp21dxR1
0

nðt; xÞp21dx
¼
R1
0

xnðt; xÞ x� l1
l0

� �2
dxR1

0
nðt; xÞ x� l1

l0

� �2
dx

¼ l3l
2
0 � 2l0l1l2 þ l31
l2l

2
0 � l0l

2
1

ð22Þ

and

b2 ¼\p1jp1>
\p0jp0> ¼

R1
0

xnðt; xÞ x� l1
l0

� �2
dxR1

0
nðt; xÞdx ¼ l2l0 � l21

l20
: (23)

Hence, Eq. 21 becomes

p2ðxÞ ¼ x2ðl0l2 � l21Þ þ xðl1l2 � l0l3Þ þ l1l3 � l22
l0l2 � l21

: (24)

In this manner, one can calculate higher order polyno-
mials. The third order polynomial p3(x) is given as

p3ðxÞ¼x3þ l2l4l1�l0l4l3þl2l0l5þl23l1�l5l
2
1�l22l3

� �
x2

l32 � l2l4l0 � 2l2l3l1 þ l23l0 þ l4l
2
1

þ l2l5l1þl0l
2
4�l0l5l3�l4l3l1�l22l4 þ l2l

2
3

� �
x

l32 � l2l4l0 � 2l2l3l1 þ l23l0 þ l4l
2
1

þ 2l2l4l3 � l22l5 � l33 � l24l1 þ l5l3l1
l32 � l2l4l0 � 2l2l3l1 þ l23l0 þ l4l

2
1

: ð25Þ

The roots of the selected polynomial, for example p3(x) in
Eq. 25, denote the quadrature points (abscissas) xi in Eqs. 12
and 13. After having the abscissas the next step is to calcu-
late the quadrature weights, wi. The expression for weights
is given as31

wi ¼\pN�1jpN�1 >

pN�1ðxiÞp0NðxiÞ
; i ¼ 1; 2; � � � ;N; (26)

where, N represents the order of chosen polynomial.
Finally, the resulting system of ODEs in Eqs. 12 and 13

can be solved by any standard ODE solver. In this study, we
have used the built-in Matlab subroutine RK45, which an
embedded adaptive Range-Kutta method of order four and
five.

Numerical Test Problems

In this section, several numerical test problems with dif-
ferent combinations of processes are considered. In the liter-
ature, several authors have solved such problems by applying
variety of numerical methods.5,8,28,29,32 For validation, we
compare the numerical results of our scheme with available

analytical solutions. However, in the test problems with no
analytical solutions, the numerical results of our scheme are
validated against the results of a high-resolution finite vol-
ume scheme.8 In all test problems, symbols are used for the
numerical results of our QMOM technique and lines are
used either for analytical solutions or finite volume scheme
(FVS) results.

Problem 1. Nucleation and growth with fines dissolution.
In this problem, we consider a batch crystallizer in which

nucleation and growth are the dominant phenomena and is
equipped with a fines dissolution unit (see Figure 1). More-
over, a time delay in the dissolution pipe is also incorporated
in the model. The aggregation and breakage kinetics are
neglected in this process, i.e., the last four terms on the
right-hand side of Eq. 12 are absent.

The size-dependent crystal growth rate is defined as33

Gðt; xÞ ¼ kg½SðtÞ � 1�gð1þ a1xÞa2 ; (27)

where, kg is the growth rate constant and a1, a2 are constants.
The exponent g denotes the growth order. Moreover, S(t) is the
supersaturation of the dissolved component which is decreas-
ing during the batch crystallization process. It is defined as

SðtÞ ¼ wðtÞ
weqðtÞ ; (28)

where, weq(t) is the equilibrium mass fraction and w(t) is given
by Eq. 5. The nucleation rate is given as33

B0ðtÞ ¼ kb½SðtÞ � 1�bl3ðtÞ; (29)

where l3(t) is the third moment, kb is nucleation rate constant
and the exponent b gives the nucleation order.

The initial data are taken as32

nð0; xÞ ¼ mseeds

kvqcl3ð0Þ
ffiffiffiffiffiffiffiffiffiffi
2pr1

p exp
ðx� xÞ2
2r2

 !
: (30)

The minimum and maximum crystal sizes considered are x0
¼ 0 and xmax ¼ 0.005 m, respectively. The interval ½0; xmax� is
subdivided into 300 grid points and the final simulation time
in most cases is 800 min. In the case of size-dependent growth
rate, we have chosen a1 ¼ 200 m�1 in Eq. 27, while a2 ¼ 1 in
all cases. For size-independent case a1 ¼ 0. The kinetic pa-
rameters and other constants are given in Table 1.

The crystallizer was kept at a constant temperature of
33�C. The following dimensionless smooth death function
h(x) is assumed in this problem

hðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
r1

e
�ð x

g1r1
Þ2
; r1 ¼ 1ffiffiffiffiffiffi

2p
p

nmax

; (31)

where, g1 ¼ 1.1547 � 103 m and nmax ¼ 0.6.
In Figure 2, the plots of normalized moments for size-in-

dependent and size-dependent growth rates and without fines
dissolution are presented. Analytical solutions are not avail-
able for this problem. Therefore, we have compared the
results of our scheme with those obtained from the high-
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resolution finite volume schemes of Ref. 8. Here, symbols
are used for the numerical results of our QMOM technique
and lines represent the finite volume scheme results. Both
schemes give overlapping results. Figure 3 shows the plots
of normalized moments for size-independent and size-de-
pendent growth rates and with fines dissolution. It can be
seen that, with fines dissolution the number of crystals
reduces, i.e., l0 diminishes. However, the total volume,
l3(t), of crystals increases. Finally, Figure 4 shows plots for
the solute mass. The plots show that the solute mass
improves due to fines dissolution. Table 2 gives a compari-
son of absolute and relative errors in the mass balances as
well as CPU time in the case of size-independent growth
rate. No significant changes were observed in the case of
size-dependent growth rate. The observed data show that our
QMOM method is efficient and preserves the mass balance.
The program was written in Matlab 6.5 software under
Linux operating system and was compiled on a computer

Table 1. Parameters for the Test Problem 1

Descriptions Symbols Value Units

Growth rate constant kg 1.37 � 10�5 m/min
Growth rate exponent g 0.73 –
Nucleation rate constant kb 3.42 � 107 1/m3 min
Nucleation rate exponent b 2.35 –
Density of crystals qc 1250 kg/m3

Volume shape factor kv 0.029 –
Initial solute concentration

(mass)
m(0) 0.09915 kg

Saturated mass fraction wsat 0.090681 –
Mass of seeds mseeds 2.5 � 10�3 kg
Mass of solvent msolv 0.8017 kg
Density of solution qsolu 1000 kg/m3

Volume of the crystallizer Vc 10�3 m3

Volumetric flow rate _V 2 � 10�5 m3

Volume of the pipe Vp 2.4 � 10�4 min/m
Constant of initial

CSD (Eq. 30)
r 3.2 � 10�4 m

Constant of initial
CSD (Eq. 30)

x 1.4 � 10�3 m

Figure 2. Problem 1: a comparison of normalized
moments without fines dissolution (lines: FVS
solution, symbols: QMOM solution).

Figure 3. Problem 1: a comparison of normalized
moments with fines dissolution (lines: FVS
solution, symbols: QMOM solution).
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with Intel(R) Core 2 Duo processor of speed 2 GHz and
memory (RAM) 3.83 GB.

Problem 2. Pure aggregation.
Here, we test the performance of our numerical scheme

for pure aggregation problem which takes place in various
particulate processes, for example fluidized beds, formation
of rain droplets, and production of dry powders. Other proc-
esses, namely breakage, growth and nucleation, give no
effect throughout the course of action. Due to binary aggre-
gation of particles, the total number of particles, l0(t),
decreases but the total mass of the particles, l3(t), remains
constant throughout the processing time. The following test
cases are selected for describing aggregation phenomena.28,34

Initially, at t ¼ 0, the exponential particle size distribution is
given by

nð0; xÞ ¼ 3N0

V0

x2 exp

�
� x3

V0

�
; (32)

where, N0 ¼ 1 m�3 and V0 ¼ 1 m3. In the following, we
consider different choices of aggregation kernel.

Case 1. Constant aggregation kernel.
In this problem, the aggregation kernel is set to be con-

stant b0 ¼ 1 and is given by b(x, k) ¼ b0. The analytical so-
lution is given as19

lkðtÞ ¼ lkð0Þ
2

2þ N0b0t

� �1�k
3

: (33)

The plots in Figure 5 show normalized moments and rela-
tive errors in the numerical solutions. In the moments plot,
lines are used for exact solutions and symbols are used for
QMOM results. The error analysis verifies the validity of our
method. In l0 and l3, the solution is approximated effi-
ciently; the error is estimated below 10�7. Here, we have
not displayed relative error of l3. The error in first moment
is \10�4 which is further decreased up to 10�5 after the
passage of time. It can be seen that the maximum error
attained by l4 is below 3.5 � 10�4 which seems to be a fair
approximation. The relative errors are even less than those
published in the literature.29,34

Case 2. Sum aggregation kernel.
Next, we use a sum kernel of the form

bðx; kÞ ¼ b0ðx3 þ k3Þ, where x and k are the sizes of par-
ticles and b0 ¼ 0.01. The initial particle size distribution is
the same as given by Eq. 32. The exact solution for the
number density n(t,x) is given by35

nðt; xÞ ¼ 3V0ð1� gÞ
x
ffiffiffi
g

p exp �ð1þ gÞx3=V0

� �
I1

2x3
ffiffiffi
g

p
V0

� �
; (34)

where, g ¼ 1 � exp(�s), s ¼ b0V0N0t, and I1 is the modified
Bessel function of first kind of order one. Figure 6 shows that the
moments of our numerical scheme has a good conformity with
analytical ones. It can also be observed that the maximum error
occurred in l4 is of the order of 10

�5 and minimum error l0 and
l3 are of the order 10�16. Here, we have not displayed the
relative error for l3(t). Once again, the results of our scheme
agree well with analytical solutions and even give less errors
than other QMOM methods available in the literature.29,34

Case 3. Product aggregation kernel.
The product aggregation kernel is given by bðx; kÞ ¼ b0x

3k3,
where b0 ¼ 0.01. The initial distribution is the same as given by
Eq. 32. The analytical solution is given by35

nðt; xÞ ¼ 3N0x
2

V0

expð�x3 1þ sð Þ=V0Þ
X1
k¼0

skðx3=V0Þ3k
ðk þ 1Þ!C 2k þ 2ð Þ

 !
;

(35)

where s ¼ N0b0V2
0t and C is the gamma function. The product

kernel is a gelling kernel for any initial distribution, therefore

Figure 4. Problem 1: solute masses from QMOM.

Table 2. Problem 1: Errors in Mass Balances
(Size-Independent Growth)

Description Absolute Error Relative Error CPU Time (s)

Without fines
dissolution

1.39 � 10�7 1.37 � 10�6 11.6

Fines dissolution
without delay

1.39 � 10�7 1.37 � 10�6 11.8

Fines dissolution
with delay

5.8 � 10�4 4.16 � 10�3 15.8
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the simulation was carried out before the gelling time tgel
arrives. The actual value for tgel is given as336

tgel ¼ 1

b0l6ð0Þ
: (36)

In the current test problem the gelling time was 50 s. The
numerical results are shown in Figure 7. Both analytical and
numerical results are overlapping. It was observed that l0
and l3 have relative errors upto 10�15 and 10�16. Therefore,
we have not displayed error in l3(t). For other moments, the
maximum error is approximately up to the order of 10�3.
The numerical results seems pretty well as compared to
those obtained by.28,34

Problem 3. Pure breakage.
The breakage process can be observed in several industrial

applications, for example it is a dominant process in grind-
ing mills. Due to the breakage of particles, the total number

of particles increases but the total volume of the particles
remains constant throughout the process.

The initial particle size distribution is the same as given
by Eq. 32. A power kernel for breakage process

aðxÞ ¼ a0x
3; a0 ¼ 0:01 (37)

and a uniform daughter distribution

bðxjkÞ ¼ 6x2=k3; 0\ x\ k;
0; otherwise;

	
(38)

are considered. An analytical solution for this problem is given
as37

nðt; xÞ ¼ 3x2
N0

V0

1þ C0V0tð Þ2exp � x3

V0

1þ C0V0tð Þ
� �

: (39)

Figure 5. Problem 2 (Case 1): pure aggregation with
constant kernel (lines: exact solution, sym-
bols: QMOM solution).

Figure 6. Problem 2 (Case 2): pure aggregation with
sum kernel (lines: exact solution, symbols:
QMOM solution).
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The numerical results are shown in Figure 8. Both analyti-
cal an numerical results are overlapping. It was observed
that l0 and l3 have relative errors up to 10�11 and 10�15.
Therefore, we have not displayed error in l3(t). For other
moments, the maximum error is approximately up to the
order of 10�3. Once again, our numerical method performed
well as compared to those available in the literature.28,34

Problem 4. Aggregation and breakage.
Aggregation and breakage are two important processes in

a crystallization process. The initial distribution is taken as

nð0; xÞ ¼ 3N2
0

V0

x2 exp �N0x
3

V0

� �
; (40)

where, N0 ¼ 1 m�3 and V0 ¼ 0.001 m3. A constant kernel
aggregation term, bðx; kÞ ¼ b0 ¼ 1, and a binary breakage
kernel a(x) ¼ a0x

3 with a0 ¼ 1 are chosen. Moreover, a

uniform daughter distribution given by Eq. 38 is considered.
The analytical solution is given by

nðt; xÞ ¼ 3x2
N2
0

V0

u2ðsÞ exp �N0

V0

x3uðsÞ
� �

; (41)

where

uðTÞ ¼ uð1Þ 1þ uð1Þ tanh uð1Þs=2ð Þ
uð1Þ þ tanh uð1Þs=2ð Þ


 �
;

uð1Þ ¼ 2a0V0=C0ð Þ1=2
N0

ð42Þ

and s ¼ b0N0t. The numerical results are shown in Figure 9.
The moments of the numerical scheme are in good agreement
with those obtained from the analytical solution. The figure
also shows that the maximum relative error is of the order
10�3. The error in l3 is of the order 10

�16 and is therefore not
displayed. Moreover, the maximum relative error in l5(t) is
much lesser than published ones.28,34

Problem 5. Nucleation, growth, aggregation, and break-
age.

Suppose that the stiff nucleation takes place at a minimum
crystal size (x0 ¼ 0) as a function of time7

Figure 7. Problem 2 (Case 3): pure aggregation with
product kernel (lines: exact solution, sym-
bols: QMOM solution).

Figure 8. Problem 3: pure breakage (lines: exact solu-
tion, symbols: QMOM solution).
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nðt; 0Þ ¼ 100þ 106 expð�104ðt� 0:215Þ2Þ: (43)

The particle size and time ranges are 0 � x � 2.0 m and
0 � t � 0.5 s, respectively. The square step initial condition
for the number density is given as

nð0; xÞ ¼ 100 for 0:4 � x � 0:6;
0:01 elsewhere:

	
(44)

Here, we consider constant growth rate with G ¼ 1.0 m/s.
The analytical solution for only growth and nucleation is
given as7

nðt; xÞ

¼
100þ106 expð�104ððGt�xÞ�0:215Þ2Þ for 0:0� x� Gt;

100 for 0:4 � x� Gt � 0:6;

0:01 elsewhere:

(45)

8>>><
>>>:

In this solution, a square step discontinuous shock along
with a narrow wave, originated due to nucleation, move
along the propagation path line, x ¼ x0 þ Gt. The aggrega-
tion and breakage rates are taken as b ¼ 1.5 � 10�5, a(x) ¼
x6, and b(x|k) is the same as given by Eq. 38.

The numerical results are shown in Figure 10. The analyti-
cal solutions are represented by lines for pure growth and
nucleation problem, while symbols are used for the QMOM
solutions. In the second plot, lines are used for FVS solu-
tions. The numerical results of QMOM are in good agree-
ment with the analytical and FVS solutions.

Conclusions

An alternative QMOM technique was proposed for solving
batch crystallization models describing crystals nucleation,
size-dependent growth, aggregation, breakage, and dissolu-
tion of small nuclei below certain critical size. In this tech-
nique, orthogonal polynomials, obtained from the lower
order moments, were used to find the quadrature points and

Figure 9. Problem 4: aggregation and breakage (lines:
exact solution, symbols: QMOM solution).

Figure 10. Problem 5: growth, nucleation, aggregation,
and breakage processes.
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weights. In this study, a third order orthogonal polynomial,
utilizing first six moments, was selected. The required num-
ber of moments increases as the order of polynomial
increases. However, the method has no restriction on the
number of moments for any chosen polynomial, and is there-
fore capable to calculate all the moments required in a cer-
tain particulate process. The method is efficient due to the
available analytical expression of orthogonal polynomial.
Several numerical test cases with different combinations of
processes were considered in this manuscript. The numerical
results of the QMOM were validated against the analytical
solutions, available results in the literature, and the results of
a finite volume scheme. The results indicate that our method
has a capability to accurately predict the moments evolutions
in all test problems. In contrast to the method of classes and
finite volume schemes, which preserve only two moments,
our method has a capability to preserve all the moments
involved in the quadrature approximation with less amount
of errors. The main disadvantage of QMOM method is that
the complete PSD is not directly available. However, in
some cases the PSD is not needed and the lower order
moments are sufficient to recover the valuable quantities. In
addition, it is possible in some application to reconstruct the
PSD by tracking only a few lower order moments.
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